
Iterative Regularization: FGMRES and FLSQR
[Saad. A flexible prec. GMRES. SISC, 1993.]

[Chung&Gazzola. Flexible Krylov Methods for ¸p regularization. SIAM J.Sci.Comput.,

2019]

At step k :
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expanding the decomposition

AZk = Vk+1Hk , with Hk œ R(k+1)◊k

Consider the approximation xk = Zkyk .
Solve the projected LS:

yk = arg min
sœRk
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Îdk ≠ HkyÎ2.

Sparsity enforcing ¸p regularisation term
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Iterative Regularization: Krylov Subspace Methods
[Saad. Iterative Methods for Sparse Linear Systems. SIAM, 2003]

Common framework for Krylov Subspace methods for
arg min

xœRN
ÎAx ≠ bÎ

2
.

At step k :
Expand the solution (Krylov) subspace:

R(Vk) = Kk(C , d) = span{d , Cd , . . . , C
k≠1

d},

by updating a partial decomposition of A of the form:
AVk = Uk+1Hk , with Hk œ R(k+1)◊k .

Consider the approximation xk = Vkyk .
Solve the projected LS:

yk = arg min
yœRk

Îb ≠ AVkyÎ2 = arg min
yœRk

Îdk ≠ HkyÎ2

.
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IRW-FGMRES and IRW-FLSQR algorithms

Define

T
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Lemma The sequence {T
(p)

(xk)}kØ1 for 0 < p Æ 2, where xk is the

approximated solution computed after k steps of the IRW-FGMRES

or the IRW-FLSQR methods, is decreasing monotonically and it is

bounded from below by zero.

Theorem The sequence {xk}kØ1, where xk is the approximated

solution computed after k steps of IRW-FGMRES or IRW-LSQR

with p > 0, is such that

lim
kæŒ

Îxk ≠ xk≠1Î2 = 0.

Moreover, it converges to a stationary point of T
(p)

and, if p Ø 1,

this is the unique minimizer of T
(p)

.

Sparsity enforcing ¸p regularisation term

For ⁄, p > 0
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Approximate by a sequence:

xk = arg min
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or, equivalently,

x̄k = arg min
x̄

ÎAW
≠1

k x̄ ≠ bÎ2

2
+ ⁄Îx̄Î2

2
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k x̄k .
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